AN EXTENSION OF THE KOPLIENKO NEIDHARDT 
TRACE FORMULAE 
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Abstract. Koplienko [Kol] found a trace formula for perturbations of self-adjoint 
operators by operators of Hilbert Schmidt class S2- A similar formula in the case of 
unitary operators was obtained by Neidhardt [N] . In this paper we improve their results 
and obtain sharp conditions under which the Koplienko-Neidhardt trace formulae hold. 

1. Introduction 

The spectral shift function for a trace class perturbation of a self-adjoint (unitary) 
operator plays a very important role in perturbation theory. It was introduced in a 
special case by I.M. Lifshitz [L] and in the general case by M.G. Krein [Krl]. He showed 
that for a pair of self-adjoint (not necessarily bounded) operators A and B satisfying 
B — A £ Si there exists a unique function £ £ L 1 (K) such that 

trace (<p(B) - ip(A)) = / tp'(x)£(x) dt, (1.1) 

whenever ip is a function on R with Fourier transform of ip' in L 1 (M). The function £ is 
called the spectral shift function corresponding to the pair (A,B). We use the notation 
S\ for the class of nuclear operators (trace class) on Hilbert space. 

A similar result was obtained in [Kr2] for pairs of unitary operators (U, V) with 
V — U € S%. For each such pair there exists a function £ on the unit circle T of 
class L 1 (T) such that 

trace [<p(V) - <p(U)) = [ ^(C)£(C) <MC), (1-2) 

whenever <p' has absolutely convergent Fourier series. (Throughout the paper m is 
normalized Lebesgue measure on T.) Such a function £ is unique modulo a constant and 
it is called a spectral shift function corresponding to the pair (U, V). We refer the reader 
to the lectures of M.G. Krein [Kr3], in which the above results were discussed in detail 
(see also the survey article [BY]). 

Note that spectral shift function plays an important role in perturbation theory. We 
mention here the paper [BK], in which the following important formula was found: 

detS(x) = e - 2 ^), 
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where S is the scattering matrix corresponding to the pair (A, B); see also the monograph 



It was shown later in [BS3] that formulae (1.1) and (1.2) hold under less restrictive 
assumptions on p. 

Note that the right-hand sides of (1.1) and (1.2) make sense for an arbitrary Lipschitz 
function p. However, it turns out that the condition p € Lip (i.e., <p is a Lipschitz 
function) does not imply that p(B) — p(A) or p(V) — p(U) belong to Si. This is 
not even true for bounded A and B and continuously differentiate ip. The first such 
examples were given in [F]. 

In [Pel] and [Pe2] with the help of the nuclearity criterion for Hankel operators (see 
recent monograph [Pe4]) necessary conditions (in terms of Besov classes and Carleson 
measures) were found on p for the operator p(B) — p(A) (or piV) — p{U)) to belong 
to Si. Those necessary conditions also imply that the condition p G C 1 is not sufficient 
for those operators to be in Si (even for bounded A and B). 

In the same papers [Pel] and [Pe2] sharp sufficient conditions were found. It was 
shown in [Pel] that if p is a function on T of Besov class B^, then trace formula (1.2) 
holds. Similarly, it was shown in [Pe2] that if p is a function on R of Besov class 5^ ol (R), 
then trace formula (1.1) holds. The definition of the above Besov classes will be given in 
§2. Note that though these sufficient conditions are not necessary, the gap between the 
necessary conditions and the sufficient conditions obtained in [Pel] and [Pe2] is rather 
narrow. Note also that in [ABF] a better sufficient condition was found; however, it 
seems to me that the condition p € B^ >ol is easier to work with. 

In Koplienko's paper [Kol] the author considered the case of perturbations of Hilbert- 

dcf 

Schmidt class S>2- Let A and B be a self-adjoint operators such that K = B — A £ S^- 
In this case the operator <p(B) — p(A) does not have to be in Si even for very nice 
functions p. The idea of Koplienko was to consider the operator 



and find a trace formula under certain assumptions on p. It was shown in [Kol] that 
there exists a unique function n € L 1 (]R) such that 



for rational functions p with poles off R. The function n is called the generalized spectral 
shift function corresponding to the pair (A, B). 

A similar problem for unitary operators was considered by Neidhardt in [N]. Let U 
and V be unitary operators such that V — U £ S^- Then V = exp(L4)£7, where A is a 
self-adjoint operator in S^- Put U s = e lsA U, s G R. It was shown in [N] that there exists 
a function rj <G L 1 (T) such that 



[Y]- 



p(B)-p(A)--(p(A + sK)) 



s=0 




(1.3) 




(1.4) 
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whenever ip" has absolutely convergent Fourier series. Such a function n is unique modulo 
a constant and it is called a generalized spectral shift function corresponding to the pair 
(U,V). 

We refer the reader to [Ko2] and [Bo] for applications of Koplicnko's trace formula 
[Kol]. 

In this paper we obtain better sufficient conditions on functions ip, under which trace 
formulae (1.3) and (1.4) hold. We consider the case of unitary operators in §3 and 
the case of self-adjoint operators in §4. We show that formula (1.3) holds under the 
assumption that ip belongs to the Besov class 5^ ol (R) while trace formula (1.4) holds 
whenever ip € B^ >ol . Note however, that the case of self-adjoint operators is considerably 
more complicated. First of all, unlike in the case of functions on T the set of rational 
functions with poles off R is not dense in 5^ ol (R). Second, functions in <p> G B^ }1 (R) do 
not have to be Lipschitz and it is not clear how to interpret each of the operators 

tp(B)-(p(A) and ^j-(<p{A + sK)} 

However, it is still possible to define their difference and show that the difference belongs 
to S\. 

In §2 we outline the theory of double operator integrals developed by Birman and 
Solomyak in [BS1], [BS2], and [BS4], and we define Besov classes and discuss their 
properties. 



2. Preliminaries 



In this section we collect necessary information on double operator integrals and Besov 
classes. 

Double operator integrals. The technique of double operator integrals developed 
by Birman and Solomyak in [BS1], [BS2], and [BS4] plays an important role in pertur- 
bation theory. We give here a brief introduction in this theory and state several results 
that will be used in the main part of this paper. 

Let (X, E) and (y, F) be spaces with spectral measures E and F on a Hilbert space 
H. Double operator integrals are objects of the form 

Jil>(x,y)dE(x)TdF(y), (2.1) 
x y 

where T is an operator on H. Certainly, one has to specify how to understand the 
expression in (2.1). Let us first define double operator integrals for bounded functions 
ip and operators T of Hilbert Schmidt class Consider the spectral measure £ whose 
values are orthogonal projections on the Hilbert space S2, which is defined by 



£(A x A)T = E(A)TF(A), T e S 2 , 
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for A and A being measurable subsets of X and y. Then £ extends to a spectral measure 
on X x y and if tp is a bounded measurable function on X x y, by definition 



// 

x y 



Y>(x,y) dE(x)TdF{y) 



il>d£\T. 



Clearly, 



If 



J j 4>(x,y)dE(x)TdF(y) 



x y 



,xxy 



< 



\S 2 - 



S 2 



J J ^(x,y)dE(x)TdF(y) G Si 



for every T £ Si, we say that ^ is a Schur multiplier of Si. In this case by duality the 
map 



T~| / ^(x,y)dE(x)TdF(y) 



x y 

extends to a bounded transformer on the space of bounded linear operators on TC. 

Suppose now that A is a self-adjoint operator on a Hilbert space 7i and B = A + K, 
where K is a self-adjoint operator of class S2, and let ip be a Lipschitz function on R, 
then ip(B) - if (A) G S 2 and 

V?(x) - 



<p(B) - <p(A) 



x — 



dE B {x)K dE A (y), 



(2.2) 



where Ea and Eb are spectral measure of A and £?. Here we can define the function 
(tp(x) — <p(y))(x — y)" 1 on the diagonal {(x,x) : x G R} in an arbitrary way. 
A similar formula holds for unitary operators U and V with V — U G S2: 

¥»(C) - <p(t) 



<p{V) - <p(U) 



-II 

TxT 



c 



dE v (0(V-U)dEu( T ), 



(2.3) 



where ip is a Lipschitz function on T. Again, the right-hand side of this formula 
does not depend on the values of the function (ip(() — (p(r))(( — r) _1 on the diagonal 
{(C,C) : C G T}. We refer the reader to [BS1], [BS2], and [BS4] for more detailed 
information on double operator integrals. We also mention recent survey article [BS5]. 

It follows from the results of [F] and [Pel], [Pe2] mentioned in the introduction, that 
the conditions <p G C l and ip 1 G L°° do not imply that the above double operator 
integrals determine bounded linear operators on Si. On the other hand, it follows from 
the results of [Pel] and [Pe2], that for functions ip in the Besov class B^ on the circle 
and for functions ip in the Besov class S^ ol (R) on R the following estimates hold: 



TxT 



y(C) - fij) 
C-r 



dE v {Q{V-U) dEu( T ) 



< const y\\ Bloi \\V-U\\ Sl (2.4) 



and 



// 



ip(x) - p{y) 
x-y 



dE B {x)KdE A {y) 



< const ||¥'||bJ o1 (r)II-K'I|Si- 



In their papers [BS1], [BS2], and [BS4] Birman and Solomyak studied the problem 
of the differentiability of the map t t— > <p(A + sK) in the operator norm and obtained 
sufficient conditions (a similar problems was also studied there in the case of functions 
of unitary operators). Later their results were improved in [Pel] and [Pe2]. 

In this paper we need only differentiability results in the norm of S^- Let <p be a 
function in C 1 (M) such that ip' G L°° . Suppose that A is a self-adjoint operator (not 
necessarily bounded) and K is a self-adjoint operator of class £2. Then 

— (m(A 4- sfC\\ = ff 

ds 



{<p(A + sK)) [ =q = || ^ - m d E A (x)K dE A (y) 



(2.5) 



(the derivative exists in the S2 norm). This follows from formula (2.2) and Proposition 
3.2 of [dPS]. 

A similar result holds for functions of unitary operators. Let ip € C 1 (T). Suppose 
that U is a unitary operator, A is a self-adjoint operator of class S?,. Then 

_¥>(C) - <P( T ) 



(2.6) 



TxT 



The proof of this formula is much simpler than in the case of possibly unbounded self- 
adjoint operators. 

Besov classes. Let < p, q < 00 and set. The Besov class B^ q of functions (or 
distributions) on T can be defined in the following way. Let v be a C°° function on R 
such that 



w > 0, suppu> C 



1 

r 2 



and 



1 for x > 0. 



(2.7) 



Consider the trigonometric polynomials W n , and W* defined by 

^n(*) = J> f^Y n>l, WbW =z+l + z, and Wf(z) = W^(i), n > 0. 
Then for each distribution ip on T 

n>0 n>l 

The Besov class consists of functions (in the case s > 0) or distributions p> on T such 
that 

{\\2 ns <p*W n \\ L v} n > ei q and {||2"V*Wf IIl^WoG^ 
Besov classes admit many other descriptions, in particular, for s > the space Bp q can 
be described in terms of moduli of continuity (or moduli of smoothness). 
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To define (homogeneous) Besov classes BL 1 (M) on the real line, we consider the same 
function w as in (2.7) and define the functions W n and Wn on R by 

FW n {x)=w(^), FW*(x)=FW n (-x), neZ, 

where T is the Fourier transform. The Besov class Bp q (R) consists of distributions ip on 
R such that 

{||2"V*^n||LpWe^(Z) and {||2"V*^#|| L p}„ eZ G^(Z) 

According to this definition, the space Bp q (M) contains all polynomials. However, it is 
not necessary to include all polynomials. 

In this paper we need only Besov spaces B^ ol and B^. In the case of functions on 
the real line it is convenient to restrict the degree of polynomials in B^ yol (R) by 1 and in 
S^ ol (R) by 2. It is also convenient to consider the following seminorms on B^ ol (R) and 
inB^OR): 

IMIb^CR) = SU P + Yl 2 ™l^ * W n\\w + S 2Tt '^ * W n lU 00 



and 



||^|| B 2 i(K) = sup y\x)\ + J] 2 2n \\<p * W n \\ L ~ + J] 2 2n \\<p * W#|| L „ 



The classes B^fK) and B^ )1 (R) can be described as classes of function on R in the 
following way: 

<p e Bl.iR) sup \<f/{t)\ + / l|A ^| L °° dt < oo 



and 



¥>eJ&i(R) Bup|^(t)|+/l!^^dt<oo 
tm J \t\ 



where A t is the difference operator defined by (A t ip)(x) = ip(x + t) — <p(x). 

It is interesting to note that the Besov class J3^ 3l (R) also appears in a natural way in 
perturbation theory in [Pe3], where the following problem is studied: in which case 

(T g is a Toeplitz operator with symbol g.) 

We refer the reader to [Pee] for more detailed information on Besov classes. 

3. The case of unitary operators 

Let U and V be unitary operators such that V — U G S^- Denote by Ejj and Ey the 
spectral measures of U and V. Let A be a self-adjoint operator such that a(A) C [— 7r, it] 
and V = exp(L4){7. It is easy to see that A <E S^- 
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Put 



U, = e isA U. 



(3-1) 



Consider the class Lip L°° that consists of functions u on T x T that admit a repre- 
sentation 



u((,T)=J2fn(09n(T), (, T G T, 



n>0 



where /„ G Lip, g n G and 



Lip ' || <?n 1 1 00 < CO- 



(3.2) 



(3.3) 



n>0 



By definition, |M| Lip Q ioo is the infimum of the left-hand side of (3.3) over all functions 
f n and g n satisfying (3.2). We consider here the following seminorm on the space Lip of 
Lipschitz functions: 

Imi 1/(0 ~f(r)\ 

H/llLip =SU P j . 

For a differentiable function ip on T we define the function ip on T x T by 



Theorem 3.1. If p G B^, then 



c 



C = T. 



and 



p(V) - p(U) 



p(V) - p(U) - ±(p(U s )) 



ds 



s=0 



(3.4) 



s=0 



< const ||(/?|Ib2 i \\V — U\\s 2 . 



To prove Theorem 3.1, we need the following fact. 
Theorem 3.2. If p G B^, then p G Lip0L°° and 

ll^lliipOLo ^ const IIvIIb^- 

Proof. We have 

p(C, r)= £ <PU + fc + l)C J r* +Y,vi3+k + l)C j r k 

j,k>0 j,k<0 



(3.5) 



Let us show that the first term on the right-hand side of (3.5) belongs to Lip©L°°. 
A similar result for the second term in (3.5) can be proved in the same way. We use the 
construction given in the proof of Theorem 2 of Section 3 of [Pel]. We have 

£ <p(j + k + l)C 3 r k = £ a lk p(j + k + l)C J r k + £ jk p(j + k + l)C j r h , (3.6) 

j,k>0 j,k>0 j,k>0 
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where 



i j = k = 0, 



0, j> 2k, 
Let us prove that the function 

(C,r)-> ^/3^(j + fc + l)CV fc 



on the right-hand side of (3.6) belongs to LipQL 
We define the functions q and r on R by 



q(x) = < 



0, x < \, 
\ < x < 2, and r(x) = < 

1, x > 2, 



0, x < § , 
2s=S, §<x<3, 

1, x > 3. 



(3.7) 



Put 



and 



Qn(^) = E 9 

i>o 



^n(.z)=E r (~) for n>0 



Q (z)=tf (z) = I + E^- 



It is easy to see that 

E + fe + = E C(((5*)> * Qn)(T)) , 



(3.8) 



j,fc>0 n>0 

- tzm. . We have 



where ^ = P+zc/? and S*^ 

E 11^11^11(5*)^ * Qnlloo < Const E n\\(S*) n ll> * Q„||oc = Const E«ll^ * Rn\ 



n>0 n>0 

Let us show that for ip € B^, 

E"-!! - ^ * -Rnlloo < OO. 



n>0 



n>0 



Consider the function r b on R defined by r b (x) = 1 — r(|x|), x G R. Put 

then || i?^ \\ L i < const (see the proof of Lemma 3 of [Pel]). Suppose that n > 2 m . Then 

R n * ip = R n * E ^ * W k 



k>m 



(see §2 for the definition of the polynomials Wk)- Hence, 



Rn * E ^ * Wk 



. k>m 



< (i + n<iii) E \w* w ki 



k>m 



\\Rn * 1p\\oo < 

It follows that 

2 m+l_ 1 

^2n\\lp * Rn\\oo = E E n IIV'*#n||oo 
n>2 m>l n=2 m 

< const £ 2 2m E 11^ * ^lloo ^ const 2 22m !^ * ^mlloo < oo, 

m>l fc>m m>l 

since if, £ B^. 

Let us now show that the function 

belongs to the space Lip©L°°. 
It follows from (3.8) that 

E + fe + ^c^* = E ((ow * 

j,k>0 n>0 

It suffices to show that 

E||(S7>*Qn|| Lip <°C. 

n>0 

By the Bernstein inequality, we have 

E ||(STV * Qn|| Lip = E I * Q„)' 



T . 



n>0 



n>0 



< 



EEK^tw*^))*^)' 

rt>0 fc>0 

<EE 2fe+1 ll(( 5 T(V'*w fc ))*Q n 

n>0 fc>0 

<EE 2fe+1 ll^*^*^IL 



n>0 fe>0 



< E (i+ii<Hi)E 2 * +1 i^*^i 

0<n<2 fc + 2 /3 



fc>0 



< const E 2 ^ \\i>*W k Hoc < const ||^|| B 2 , 

I ^ oo 1 



fc>0 

since, clearly, tp * W k * R n = if n > 2 k+2 /3. 
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Proof of Theorem 3.1. Since ip € C 1 (T), we have by (2.6) 
d 



ds 

On the other hand, by (2.3), 



(Wg)| s=Q = i JJt<P«,t) dEu(QAdEu(T). 



TxT 



<p(V)-<p(U) = ff <p(C,T)dE v (0(V-U)dEu(T) 

TxT 

II r0(C,r) d£V(C)(/-FE/*)d^(r) 

TxT 

II T(p{t,r)dE v {Q{l-j A ) dEu(r). 



TxT 

Thus 

d 



^(y) _ ^(r/) _ _ ^ Ua fj \ s=Q = -jj rip{C, r) dE v {Q (I - e iA ) dEu{r) 

TxT 

-iH T<p(C,T)dEu(OAdEu(T) 

TxT 

= - II 'r^(C,r)dE v (0(l-e [A ) dEu(r) 

TxT 

II T$(C,T)dEu(Q{l-e lA ) dEu(r) 

TxT 

I f r<p(C,T) dEu(()(e iA -I -LA) dEu{r). 



+ 

TxT 



+ 

TxT 

It is easy to see that e lA — I — \A G Si, and so by (2.4), 



TxT 

and 



I f rvHC, r) dEu(C) (e iA -I-iA) dEu{r) G Si 



JJt$(C,t) dEu(0{e' A -I-\A) dEu(r) 

FxT 

Clearly, ||</2|| B i < const ||<^||s2 ■ 
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< const IMIbi^ || (e iA - J - iA) || Sl . 

Si 



On the other hand, let {/ n }n>o an d {g n }n>o be sequences of functions such that 

n>0 

and (3.3) holds. We have 

JJr^(C,T)dE v (C)(l-e iA ) dEu{r)- J J ' r<p((,r) dEu{Q{l - e iA ) dE v {r) 

TxT TxT 

= ljj2f^0rgn(r)dE v (C)(l-e iA ) dE v {r) 

TxT n -° 

" jj 'j2^(0rgn(r)dE u (C)(l - e iA ) dEu(r) 

TxT n -° 

= E ( J " j A )9n(U)U - E /n(l7) (/ " e iA )g n (U)U 

n>0 n>0 

= E ~ (I ~ e iA ) 9n (U)U. 



n>0 

Thus 



JJ T$((,T)dE v (0(l-e iA ) dEu(T)- JJ r$((,r) dEu(()(l - e iA ) dE v (r) 

TxT TxT 
< E II (UV) ~ UU)) \\ S2 || (l - e iA ) \\ S2 \\ 9n (U)\\ 



Si 



n>0 

< const || (/ - e lA ) \\ S2 E ll/nll Lip ' || <?ro 1 1 00 < 

n>0 

This completes the proof. ■ 

Let now i] be a generalized spectral shift function for the pair (V, [/"). 

Theorem 3.3. Let U and V be unitary operators such that V — U £ S2 and let U s 
be defined by (4.1). Then for any (p £ B^, 

trace (ip(V) - ip(U) - ^(<P(U s j) _ Q ) = J f"r]dm. (3.9) 

Proof. Since clearly, B^ C C 1 , the fact that the operator in (3.4) belongs to Si is 
an immediate consequence of Theorems 3.1 and 3.2. 

It is easy to see from the definition of the space B^ given in §2 that the trigonometric 
polynomials are dense in -B^ ol . Let tp n be trigonometric polynomials such that 

lim \\(p — (frills 2 = 0- 

11 



Since B^ xjl is continuously imbedded in the space C 2 of functions with two continuous 
derivatives, it follows that ip n — > ip in C 2 . Since r\ G L 1 , it follows that 



lim 

n—>oo 



[ rtv< 



dm = I ip"r]dm. 



On the other hand, it follows from Theorems 3.1 and 3.2 that 

d 



s=0 







as n — > 00. The result follows now from the fact that trace formula (3.9) is valid for all 
trigonometric polynomials <p (see [N]). ■ 



4. The case of self-adjoint operators 



In this section we extend Koplienko's trace formula for self-adjoint operators to a 
considerably bigger class of functions. 

Let A be a self-adjoint operator (not necessarily bounded) on Hilbert space and let K 
be a self-adjoint operator of class S^- Put B = A + K . As we have already mentioned in 
the introduction, Koplienko introduced in [Kol] the generalized spectral shift function 
rj G L 1 that corresponds to the pair (^4, B) and showed that for rational functions (p with 
poles off the real line the following trace formula holds. 

trace (y{B) - p(A) - (y>(A 8 )) | s=Q ) = j£ f"(x) V (x) dx. (4.1) 

We are going to extend this formula to the Besov class S 2 <)1 (IR). Note however, that 
the situation with self-adjoint operators is subtler than with unitary operators. First of 
all, the rational functions are not dense in i? 2 ol (M) and this makes it more difficult to 
extend formula (4.1) from rational functions to 5 2 <jl (E). Secondly, functions in i? 2 ol (R) 
do not have to belong to the space Lip of Lipschitz functions on R, which we equip with 
the seminorm: 

" /l|Lip -S \x-y\ • 
Thus for ip G B^^R), none of the operators 

<p{B)-<p{A) and ^-U{A a j) 

ds\ J s=o 

has to be in S2. In fact, it is not clear how one can interpret each of those operators. 
However, it turns out that their difference still makes sense for functions ip G i? 2 ol (M) 
and formula (4.1) holds for such functions ip. 

To do it, we first prove formula (4.1) in the case p G i? 2 ol (M) P| Lip and estimate the 
Si norm of the left-hand side of (4.1) in terms of ||9?||# 2 • Then we define the operator 

00 1 

on the left-hand side of (4.1) for functions / G i? 2 ol (M) and prove formula (4.1) for such 
functions. 
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For a differentiable function <p on R we define the function Cp on R x R by 

<p(x,y) = < 



tp(x)-<p(y) , 



(f/(x), 



x = y. 



We consider in this section the space Lip 0; L°° of functions u on R x R that admit a 
representation 



u(x,y)= / f U} (x)g U) (y)dfi(uj), 
Jn 



(4.2) 



where (fi, fx) is a measure space and the functions (u>, x) i— > fu>(x) and (w, y) i— > g w (y) are 
measurable functions on 17 x R such that f w G Lip, 5^ G L°° for almost all a; G fi, and 



/ II/^Hlip • Hff^lU^ ^(u;) < C50. 
JQ. 



(4.3) 



By definition, the norm of u in Lip ©i L°° is the infimum of the left-hand side of (4.3) 
over all representations of the form (4.2). 

Theorem 4.1. Let M > 0. Suppose that <p is a bounded function on R such that 
suppJ^V C [M/2,2M]. Then 

<p(B)-ip(A)-±(ip(A s ))\ _GSx 



and 



s=0 



s=0 



< const -M 2 ||K||5 2 ||<^||l°° . 



(4.4) 
(4.5) 



To prove Theorem 4.1, we need the following fact. 

Lemma 4.2. Let (p be a function on R such that supp^ 7 ^ C [M/2,2M]. Then 
<p G Lip ©i L°° and 

\\<P\\u P Q i L°° < const -M 2 \\p\\ L oo. 

Proof. Let q and r be the functions on R defined by (3.7). 
Consider the distributions Qt and Rt, t > 0, on R such that 

(FQ t ){x) = q(x/t) and {FR t )(x) = r(x/t). 

It was shown in [Pe2] (formula (5)) that 

<p(x, y) = J ((5 t V) * Q t ) (x)e H y dt + J ((S t » * Q t ) (y)e ite dt, (4.6) 

where (Sfip)(x) = e~ ltx (p(x). 
Clearly, 

/*oo /*oo 

H^llLipoLoo < J ||(5 t V)*Qt|| Lip rft + y ||(5 t V)*Qt|| Loo ^. 
By the Bernstein inequality, 

||(S t V) *Q*|| Lip = ||((5 t V) *Qt)'| Loo < 2M||(5 t V) *Q*|| LOO , 
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and so 



f'OO f'OO f'OO 

/ \\(Si<p)*Q t \\ dt<2M / \\(S^)*Q t \\ Loo dt = 2M / \\<p * Rt\\ dt 
Jo Jo *' J 



'0 

since, obviously, (S*<p) * R t = for t > AM/3. 
On the other hand, 



AM/3 

2M I \\(p * R t \\ JOO dt < ^M 2 \\ip * Rt\\ L ■ 



POO f'OO 

/ ||(5 t V) *Q t \\ Loc tdt= / 1^*^11 ttft 
jo Jo 



/•4M/3 

= / \\<P* Rthootdt. 
Jo 

It remains to observe that if R\ is the function on K such that 

^)(x) = l-^(i2 t )(|x|), 
then i?j G L 1 , \\R\Wl 1 does not depend on t and 

I^^ILco^a + KLoiMu-. ■ 

Proof of Theorem 4.1. By (2.2) and (2.5), we have 

v(B)-^(A)-^(A s ))\ s=o = jj $(x,y)dE B (x)KdE A (y) 



II <p(x,y)dE A (x)KdE A (y). (4.7) 



By Lemma 4.2, admits a representation 

${x,y) = / fU x )9u,(y)dn(u) 

such that 

/ 1 1 /J I Lip • HfiUlL°° dAt(w) < const -M 2 \\ (p\\ L <x=. 
Jn 



We have 



<p(x,y)dE B (x)KdE A {y) = J I jj f UJ {x)g (JJ {y)dE B {x)KdE A {y) \ dfi(u) 

= I f u {B)Kg u {A)dn{u). 



n 
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Similarly, 



J J ${x,y) dE A {x)KdE A (y) = j f u (A)Kg u (A)dfi(u). 



Thus 



v (B)-^(A)-^(A + S K))\ s=(j = J (f u (B)-MA))Kg u (A)d»{u). 



Hence, 



p(B)-<p(A)-^(A s )) 



s=0 



Si 



< I \\MB) - f u (A)\\ S2 \\K\\s 2 \\g u (A)\\d^u. 

< \\ K \\s 2 J ||/^||Lip||-B - -4||s 2 ||sU|l°° dn(u) 

n 

= \\ K \\s 2 J ||/w||Li P ||flU|i,°° dn(uj) 



< const ■M z \\K\\ z S2 \\ip\\ L o C . U 

Remark. It is easy to see that the same conclusion holds if ip is a bounded function 
on E such that supp.? 7 ^ C [-2M, -M/2]. 

Theorem 4.3. Suppose that ip G 5^ 1 (E)f|Lip- ^/ten (4.4) ZioWs, 



r-S/'; ri-D ^-(r 



Si 



< const -||iq| 2 IMIs^, 



and (4.1) holds. 

We need the following lemma. 

Lemma 4.4. Let {f n }n>o an d f be functions in Lip(E) such that 
lim f n (x) = f(x), x G E, and sup ||/ n ||Lip < oo. 

Then 

lim (f n (B) - f n (A)) = f(B) - f(A) 

n— >oo 

in <S , 2. 

Let us first prove Theorem 4.3. 

Proof of Theorem (4.3). Since tp G i?^ ol (E), tp is continuously differentiable, and 
so both operators 



tp{B)-tp{A) and ^-(^p{A + sK)^j 



s=0 



belong to 52 (see §2). 
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Clearly, if p is a linear function, then the operator in (4.4) is zero. Suppose first that 
Tp" G L 1 . Then 

p = ^{p n + pf) ■ 

where 

<p n = <P*F~ 1 X[2",2"+ 1 ] and ft = P*F~ 1 X[-2"+i -2"]- 

Clearly, 

2 2n ||y?„|| L °° < const \\Tp'^\\ L i and 2 2n \\ip*\\ Lx < const \\Tp*\\ L i. 
By Theorem 4.1, 

¥n{B) - p n (A) - ^(vn(^s)) s _ Q < const^2 2n ||vJ„||L~ 



(4.8) 



and the same estimate holds for the functions ipt in place of <p n . It follows now from 
(4.8) that 

p(B) -<p(A) -^(^))| s=0 < const ^2 2n (||^ n || L ~ + ||^#||l~) 



Si 



< const || Tp"\\ii ■ 

Since the rational functions are dense in the space {<p : Tp" G L 1 } and trace formula 
(4.1) holds for rational functions with poles outside R (Koplienko's theorem [Kol]), it is 
easy to see that it also holds for arbitrary functions tp with Tip" G L 1 . 
Suppose now that ip G B^ xjl . Since 



Y,l 2n {\W*W n \\ L ~ + \\p*W*\\ L ^ <oo, 



and inequality (4.5) holds, it suffices to show that formula (4.1) holds for functions ip*W n 
and ip * Wn ■ 

The following argument is similar to the argument given in the proof of Theorem 
4 of [Pe2] to establish the Lifshitz-Krein trace formula for functions in B^ ol (R). Put 
tp = ip * V n . Then supp tp C [2 n_1 , 2" +1 ] . Consider a smooth nonnegative function h on 

R such that supp/i C [—1, 1] and h(x) dx = 1. For e > put h £ (x) = e~ l h{x/e). Let 
tp £ be the function defined by Ttp £ = Ttp * h £ . Clearly, 



Ttp £ G L 1 , lim \\tp £ \\ L o 



£,oo, and lim tp £ (x) = ip(x) for x G 



Then formula (4.1) holds for tp £ . Clearly, 

lim / tp £ (x)r](x) dx = I tp"(x)rj(x) dx. 
Jr Jr 

Thus to prove that (4.1) holds for tp, it suffices to show that 

lim trace L e (B) - ^ e {A) - ^ (^ £ {A S )) [ = ) = trace L(B) - tP(A) - ^(A a )) 



s=0 
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By (4.7), we have 

MB)-MA)-^Ms))\ s ^ = JjM^y) dE B (x)KdE A {y) 



- J J Mx,y) dE A (x)KdE A (y). 

MxR 

By (4.6), this is equal to 

oo 

/// (( 5 * ^ * Qt ) (x)e% dEs ^ KdEA ^ dt+ 



oo 

J JJ ((S^e) * Qt) {yV tx dE B {x)K dE A (y) dt- 



RxR 



oo 

J J J [(StA) * Qt) (x)e Uv dE A (x)K dE A (y) dt- 



RxR 



J JJ ({S;A)*Qt)(y)e itx dE A (x)KdE A (y)dt. 

RxR 

It is easy to see that 

oo oo 

J JJ ([Sl^ £ )*Q t ){x)e ity dE B {x)KdE A {y)dt = J ((S t *Y> £ ) * Qt){B)K exp(itA) rft 

RxR 

and similar equalities hold for the other three integrals. 
Thus 

oo 

MB) -MA) - ^ (MAs)) \ s=q = J ({(SIM * Qt) (B) - ((S:M * Q t ) (A)) K exp(iL4)<tt 



o 

oo 

+ 





oo 

J (exp(iiB) - exp(itA)) J K'(((S t V e ) * Q t )(A)) dt. 



We have 



lim ((S t *^) * Q t J (A) = * Qt) (A) 



in the strong operator topology (see the proof of Theorem 4 of [Pel]). By Lemma 4.4, 

lim ({(S;M * Q t )(B)-{(S;M * Q t )(A)) = ((5 t » * Q t )(B)-((S^) * Q t )(A) 
in S 2 - 
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It follows that 

lim trace ((((S t *Y> £ ) * Qt)(B) - {(S^ e ) * Q t )(A))Kexp(itA)) 
= trace ((((S t *Y>) * Qt)(B) - {(Sty) * Q t ) (A))tfexp(itA)) 



and 



lim trace ((exp(i£B) - exp(iU))if (((S t *Y> £ ) * Qt)( A ))) 
= trace ((exp(itB) - exp(itA))if (((5 t » * Q t )(A))). 



Thus 



lim trace ^Ve(-B) - ^ e (A) - ^ (V'e(^)) 

oo 

= y trace ((((S t » * Q t ) (£?)-( (S t *V) * Q t ) (A))Kexp(rL4)) (ft 



o 

oo 

+ 





oo 

J trace ((exp(itB) - exp(iL4))K(((S t » * <5t)( A ))) dt 



= trace (^(B) - ^(A) - ^(A,)) [J, 
which proves (4.1). ■ 

Proof of Lemma 4.4. We have 



f n (B)-f n (A) = J J f n {x,y)dE B {x)KdE A (y)= J J f n (x,y) d£K(x,y), 

RxR\A RxR\A 

where £ is the spectral measure on the space S2 defined by £ (5 x a)T = Eb(S)TEa(ct), 
5, a C R, T € S 2 , and A C R x R is the diagonal: A = {(x, x) : x £ R}. Then 

(/n(B) " /n(A)) - (/(B) - /(A))|| 2 S2 = ff \ f n (x,y) - f(x,y)\ 2 d(£K,K)(x,y) -> 



ex 



as n — > 00. ■ 

Now we are going to to extend formula (4.1) to the whole class B^ ol . Consider first 
the case when ip is a polynomial of degree at most 2. Clearly, for linear functions (p the 
operator on the left-hand side of (4.1) is the zero operator and the right-hand side of 
(4.1) is equal to 0. Suppose now that ip(t) =t 2 . If we perform formal manipulations, we 

18 



obtain 



,2 d 



(A + K)(A + K)- A 1 -—{A + sK){A + sK) 



s=0 



= KA + AK + K 2 - j- s {a 2 + sKA + sAK + s 2 K 2 ^ 
We can put now by definition 



s=0 



K 2 



(A + K) 2 - A 2 



d_ 

ds 



A + sK 



K 2 . 



The following result establishes formula (4.1) for the function 92, ip(t) = t 2 . 
Theorem 4.5. 



traced = 2 /„(*),*, 



(4.9) 



Proof. To establish (4.9), we first assume that A is a bounded operator. Consider a 
sequence {g n }n>i such that 

5„(x)=x 2 for xe[-n,n], Fg'^eL 1 , and sup H^nlk 1 < °°- 

n>l 

Then for n > IIAII + we have 



s=0 



traced 2 = trace (g n (B) - g n (A) - ^-(g n (A s fj 

= / g'n(x)r](x) dx — > 2 / rj(x)dx, as n — > 00. 
If A is an unbounded operator, consider the bounded self-adjoint operator A n defined 

by 

A n = AE A ([-n,n]). 

Let i] n be the generalized spectral shift function that correspond to the pair (A n , A n +K). 
Then 

traced = 2 
and (4.9) follows form the fact that 



lim / i] n (x) dx = / i](x)dx, 
n ^°° Jr Jr 



which can be found in [Kol]. ■ 

Finally, we obtain the following result. 

Theorem 4.6. The map 



s=0 



extends from 5 2 ol (M) P| Lip to a bounded linear operator from B 2 <)l {W) to S\ and trace 
formula (4.1) holds for functions ip in B^CR). 
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Proof. Since the linear combinations of quadratic polynomials and functions whose 
Fourier transforms have compact support in R \ {0} are dense in 5^ ol (R), the result 
follows immediately from Theorems 4.3 and 4.5. ■ 



5. Open problems 



The following interesting problems remain open. 

Problem 1. Suppose that <p is a function of class C 2 on T, U is a unitary operator, 
A is a self-adjoint operator of class S?. Is it true that 

where U s = e isA U? 

Problem 2. Suppose that ip € C 2 (1R) and <p" G L°°. Let A be a self-adjoint operator 
and let K be a self-adjoint operator of class S2. Is it true that 

v ( Al )- v {A)-4-(<p(A a j) & Si, 



ds 

where A s = A + 



=0 



Note that the right-hand sides of trace formulae (1.4) and (1.3) are well-defined for 
such functions. I conjecture that the answer to both questions should be negative. 
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